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Free energy barrier for compact chains escaping from a small sphere
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Abstract

In this paper, the process of compact polymer chains escaping from a small sphere to a large one in the view of thermodynamics is inves-
tigated in detail based on the pruned-enriched-Rosenbluth method (PERM), which is quite efficient for the three-dimensional polymers on the
simple-cubic lattice. In our simulation, three representative states of a polymer chain during the escaping process are studied, and some statistical
properties of the chain size and the chain shape, such as mean-square radius of gyration per bond hS2i/N and the shape factor hd*i are inves-
tigated. Our aim is to illuminate how the size and shape of the compact chains change during the escaping process. The changes of hS2i/N and
hd*i are not monotone and it is due to the fact that the chain should stretch itself in the escaping process. In the meantime, some thermodynamic
properties are also calculated here. The hole is designed to be small enough to allow only one monomer at a time and it thus reduces the number
of allowed chain conformations and breaks contacts between monomers at the beginning of the process. Additionally, we discuss the free energy
barrier per bond H2�H1¼DH of a compact chain, and here H2 is the maximum free energy per bond during the process and H1 is the minimum
one when the compact chain is within the small sphere. Averaging free energy barrier over chain length N is convenient for the comparison with
different chain lengths. DH as a function of chain length N and radius r1 of the small sphere is also studied and our result shows that DH for
longer chains is lower means that it is relatively easier for each bond in longer chains to surmount the free energy barrier to escape. Some dis-
cussions about the self-avoiding walk (SAW) and swollen chains are also made for the comparison, and our results also show that the restriction
of the small sphere on the SAW and the swollen chains is more effective because of their relatively looser intrinsic structure.
� 2007 Published by Elsevier Ltd.
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1. Introduction

Transport of molecules across membranes (such as cellular
membrane) plays an important role for many biological pro-
cesses. These molecules are often long, and the narrow pores in
the membranes do not allow them to pass through as a single
unit. They have to thus squeeze e i.e., translocate e them-
selves through the pores. DNA, RNA, and proteins are such
naturally occurring long molecules [1e3] in a variety of bio-
logical processes. Translocation is also used in gene therapy [4]
and in delivery of drug molecules to their activation sites [5,6].
In addition to its biological relevance, the translocation
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dynamics is also a challenging topic in polymer physics.
Accordingly, the polymer translocation has attracted a con-
siderable number of experimental [7e14] and theoretical
[15e33] studies.

The translocation of a polymer through a nanopore faces a
large entropic barrier due to the loss of a great number of
available configurations. In order to overcome the barrier and
to speed up the translocation, an external field or interaction is
often introduced. The possible driving mechanisms include an
external electric field, a chemical-potential difference, or se-
lective adsorption on one side of the membrane. For example,
in 1996, Kasianowicz et al. [7] reported that an electric field
can drive single-strand DNA and RNA molecules through
the a-hemolysin channel with an inside diameter of 2 nm and
that the passage of each molecule is signaled by the blockade
in the channel current.
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Inspired by the experiments, a number of recent theories
[15e33] have been developed for the behaviors of polymer
translocation. Even without an external driving force, polymer
translocation remains a challenging problem. Although the ac-
tual system is complicated by many biological factors, many
scientists are trying to use simple model to explore the process
of translocation. Sung and Park [16] have studied the transport
of a Gaussian chain under the special conditions where the
segment friction across the pore is proportional to the polymer
length. Recent simulation studies [31,32] have shown that it is
possible to capture many essential features of the translocation
process using an appropriate one-dimensional model. Di
Marzio and Mandell [18,33] have investigated the equilibrium
properties of a polymer molecule whose two ends reside on
opposite sides of a membrane or partition separating two solu-
tions in the limit of no self excluded volume. Muthukumar
[30] has treated the process with classical nucleation theory
in which the monomer friction is taken to be dictated by the
ratchet potential associated with the pore and free energy bar-
rier for polymer chains escaping from a small sphere (similar
to cell) was qualitatively predicted. In his another work, free
energy barrier and mean translocation time are studied for the
movement of a single Gaussian chain and a self-avoiding one
from one sphere to another one through a narrow pore using
the self-consistent field theory formalism [20,21]. The free en-
ergy landscape for polymer translocation is significantly mod-
ified by excluded volume interactions among monomers. Free
energy barrier is such a familiar phenomenon that Hu et al.
[34,35] has also reported free energy barrier to melting of
single-chain polymer crystallite. Also, free energy barrier
appears in our simulation. In this paper, using PER method,
we not only further validate the Muthukumar’s result in
Ref. [30] and discuss in detail the free energy barrier for
different kinds of chains with different chain lengths N and
different geometrical conditions, but also give some other
quantitative and comparative results, such as the chain size
and the chain shape, during the process of translocation.

2. Simulation method

We study the escaping behaviors of compact chains, self-
avoiding walk (SAW) chains and swollen chains from a small
sphere (donor) to another large sphere (recipient) according to
the model of a self-avoiding chain with chain length N on
square lattice. Here we only take into account the contact in-
teractions between monomers in order to analyze the different
behaviors for compact chains, SAW chains, and swollen
chains. The Hamiltonian of the system can be defined as:

E¼
X
i<j

3ijDðri� rjÞ ð1Þ

where 3ij is the contact energy between monomer i and j, and
D(ri� rj)¼ 1 if ri and rj are adjoining lattice sites with i and j
not adjacent along the chain, while D(ri� rj)¼ 0 otherwise.
3ij¼ 3 is assumed to �1 (compact chain), 0 (SAW chain)
and 1 (swollen chain) (in the unit of kBT ) [36]. The compact
conformations of polymers are important because they are the
principal configurations of the native states of globular pro-
teins [36]. Here a simple-cubic lattice is adopted, and the bond
connecting adjacent monomers is fixed to a length of lattice
constant, so the bond potential needn’t be considered.

A new and effective simulation method is used here, which
is called the pruned-enriched-Rosenbluth method (PERM)
[37,38]. Grassberger has used this algorithm for simulating
flexible chain polymers and their results can illuminate that
this method is the most efficient for three-dimensional poly-
mers on the simple-cubic lattice. Also PERM can be used to
calculate the partition function instead of the enumeration cal-
culation method. PERM has been extensively adopted in some
simulations [39e42]. For example, Hsu and Grassberger stud-
ied a single flexible chain grafted to a membrane which has
pores of size slightly larger than the monomer size using
PERM [41,42]. In fact, the energy calculation in our simulation
is similar in essence to that in these works. We also compare the
partition function for two-dimensional 28-bond compact chains
using the enumeration calculation method with the partition
function using PERM, and find that the difference is only
1.2%. Therefore, we think that the PERM can be adopted in
our calculation, and the results are reliable.

In Fig. 1, schematics are drawn to describe the whole pro-
cess of a polymer chain escaping from the donor sphere (the
small sphere) to the recipient one (the large sphere). The ra-
dius of the small sphere (the donor sphere) is r1, and the radius
of the large sphere (the recipient sphere) is r2, which sets to a
fixed value of 20 in this paper. Three representative states of
the polymer chain during the process are noted as I, II, and
III separately, and the detailed information can be seen in
Fig. 1. In our model, we focus our attention on state II and
compare it with states I and III. We use the percentage of the
bonds of the chain locating in the small sphere (N1/N ) to char-
acterize the process of escaping from the small sphere. With
the decrease of p¼N1/N, the polymer chain gradually escapes
from the small sphere and enters into the large one. We count
the total conformations in different states (with different N1/
N ), and our aim is to investigate how the compact chains,
the SAW chains, and the swollen chains escape from the small
sphere to the large sphere, how the height of free energy bar-
rier depends on N and r1, and how the chain size and energy
change in the escaping process.

The partition function of the system is

Z ¼
X

i

expð �Ei=kBTÞ ð2Þ

where
P

i is the sum of all conformations.
The average Helmholtz free energy of the polymer chains

can be derived from the partition function:

A¼�kBT ln Z ð3Þ

This parameter can supply much important thermodynamic
information for chains [43e46].
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3. Results and discussion

3.1. Chain size and shape

The mean-square radius of gyration per bond hS2i/N is
plotted vs. p for compact polymer chains and SAW polymer
chains in Fig. 2. The abscissa of the figure is the percentage
of bonds of the chain located in the small sphere, which is
defined as

(a) State I 

(b) State II  

(c) State III  

z

N1=N

z1

r1

r2

z

N1

z

N1=0

z1

Fig. 1. Three representative conformations during the process of escaping from

a small sphere. Here the radii of the small and the large sphere are r1 and r2,

respectively, and r2 is set to a fixed value of 20. (a) The chain is within the

small sphere completely with z1< r1 and N1¼N; (b) part of the chain (N1)

is within the small sphere, while the other (N�N1) is within the large one.

The ratio of p¼N1/N decreases little by little during the escaping process;

(c) the chain has escaped completely from the small sphere with z1> r1 and

N1¼ 0.
p¼ N1=N ð4Þ

where N1 represents the number of bonds located in the small
sphere and N is the chain length. Here p¼ 1.0 (N1¼N ) means
that the whole chain is within the small sphere, while p¼ 0
(N1¼ 0) means that the chains have escaped completely from
the small sphere. Now we pay our attention on the escaping
process with p decreasing little by little (see state II). During
the process of escaping from the small sphere to the large one,
namely with p decreasing, the mean-square radii of gyration
hS2i/N for compact chains and SAW chains with different
chain lengths N all increases first and then decreases. There
exists a peak in each curve. The peaks for SAW chains (3¼ 0)
and swollen chains (3¼ 1) locate at smaller value of p than
that for compact chains (3¼�1), and the influence of contact
interactions between monomers on the variation range of the
chain size is obvious during the escaping process. On the
whole, values of hS2i/N for SAW and swollen chains are obvi-
ously larger than that for compact chains. With gradually en-
tering into the larger sphere, swollen chains with 3¼ 1 grow
larger in size than SAW chains with 3¼ 0 because of the stron-
ger excluded volume interaction for 3¼ 1. For SAW or swol-
len chains, the longer the chain is, the larger the value of hS2i/
N is. For compact chains, however, the values of hS2i/N in-
crease with the decrease of chain length N, which indicates that
for longer compact chain, the effects of contact interactions
are more obvious. It is noticeable that in the case of r1¼ 3,
hS2i/N is obviously smaller than that in the other cases because
of the stronger and more effective restriction for r1¼ 3. When
3¼ 0 and 3¼ 1, the value of hS2i/N at small p is much larger
than that at large p, and when 3¼�1, the difference in the
value of hS2i/N between two sides of the peak is not large,
reflecting that the restriction of the small sphere on the SAW
and the swollen chains is more effective.
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Fig. 2. Mean-square radius of gyration per bond hS2i/N vs. p¼N1/N for com-

pact chains (3¼�1), SAW chains (3¼ 0) and swollen chains (3¼ 1) in the

process of escaping from the small sphere. p¼ 1.0 (i.e., N1¼ N ) means that

the whole chain is within the small sphere, while p¼ 0 (i.e., N1¼ 0) means

that the whole chain has escaped completely from the small sphere.
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In order to investigate the change in the shape of a polymer
chain during the escaping process in more detail, we consider
the radius of gyration tensor S, which is defined as:

S¼ 1

Nþ 1

XN

i¼0

SiS
T
i ¼

0
@Sxx Sxy Sxz

Syx Syy Syz

Szx Szy Szz

1
A ð5Þ

where Si¼ col(xi, yi, zi) is the position of monomer i in a frame
of reference with its origin at the center of a chain. The tensor
S can be diagonalized to form a diagonal matrix with three
eigenvalues L2

1; L2
2; and L2

3 ðL2
1 � L2

2 � L2
3Þ. Solc and

Stockmayer first used the ratio of these parameters
hL2

1i : hL2
2i : hL2

3i to measure the shape of a flexible polymer
chain [47,48], and they estimated the ratio to be 1:2.7:11.7
based on a random walk of 100 bonds on a simple-cubic lattice
using Monte Carlo (MC) technique. According to three eigen-
values from Eq. (5), another valuable parameter [49,50] for the
shape of chains may be obtained by combining the reduced
components to a single quantity that varies between 0 (sphere)
and 1 (rod) is defined as:

hd�i ¼ 1� 3

*
L2

1L2
2þ L2

2L2
3þ L2

1L2
3�

L2
1 þ L2

2þ L2
3

�2

+
ð6Þ

hd*i as a function of p for compact chains and SAW chains
with different chain lengths N are shown in Fig. 3. For com-
pact chains, the shape is spherical at the beginning of the pro-
cess, and then the shape approaches clubbed because during
the escaping process the chain should stretch itself, and at last
it restores to be spherical shape again due to the contact inter-
actions between monomers. The structure of SAW and swollen
chains is inclined to be loose relatively, so with the decrease of
p, hd*i for SAW and swollen chains grows larger than that
for compact chains, showing that the restriction of the small
sphere on the chains with 3¼ 0 and 3¼ 1 is more effective.
Otherwise, hd*i for swollen chains is slightly larger than that
for SAW chains when most of the bonds have entered into the

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.1

0.2

0.3

0.4

0.5

0.6

<δ
*>

p

 N=30,ε=-1,r1=3
 N=30,ε=-1,r1=4
 N=30,ε=-1,r1=10
 N=50,ε=-1,r1=4
 N=50,ε=-1,r1=5
 N=50,ε=-1,r1=10
 N=70,ε=-1,r1=4
 N=70,ε=-1,r1=5
 N=70,ε=-1,r1=10
 N=30,ε=0,r1=3
 N=50,ε=0,r1=4
 N=70,ε=0,r1=5
 N=30,ε=1,r1=3
 N=50,ε=1,r1=4
 N=70,ε=1,r1=5

Fig. 3. Shape factor hd*i vs. p¼N1/N for compact chains (3¼�1), SAW

chains (3¼ 0) and swollen chains (3¼ 1).
larger sphere because the structure of the swollen chains is
looser than that of the SAW chains. However, the trends of
hd*i for SAW and swollen chains are alike, and the curves
with same 3 almost overlap.

3.2. Thermodynamics properties

Average energy per bond hUci/N as a function of p for com-
pact chains, SAW chains and swollen chains with different
chain lengths N are shown in Fig. 4. The energy calculation
in our simulation is similar in essence to that in the work pre-
sented in Refs. [41,42]. As we only take into account the con-
tact interactions between monomers, average energy per bond
hUci/N is equal to 0 for SAW chains, and greater than 0 for
swollen chains. hUci/N drops slightly with p decreasing for
the swollen chains, and this means that the escape is spontane-
ous. hUci/N for compact chains (3¼�1) increases first with
the decrease of p, and then decreases. There exists a peak in
each curve, which predicates the change of the number of
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Fig. 4. Average contact energy per bond hUci/N vs. p¼N1/N for compact

chains (3¼�1), SAW chains (3¼ 0) and swollen chains (3¼ 1).
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contacts between monomers during the process. On the other
hand, the value of hUci/N for compact chains increases with
the decrease of chain length N, which is consistent with the
results of hS2i/N in Fig. 2. Additionally, error bars are added
to the curve with N¼ 30, 3¼�1 and r1¼ 3 for example,
and the errors are unconspicuous. This means that the
PERM and the energy calculation are reasonable in our inves-
tigation of the translocation process.

Free energy per bonds A/N as a function of p for compact
chains, SAW chains and swollen chains with different chain
lengths are shown in Fig. 5. Similar to the case of hUci/N,
A/N for compact chains increases first with the decrease of p
and then decreases, implying a free energy barrier in the
escaping process. For SAW and swollen chains with small
r1, once one monomer has escaped from the small sphere,
the process of escape is spontaneous, namely, the whole trans-
location of the chain in state II is spontaneous, which is essen-
tially different from compact chains. A/N for swollen chains is
larger than that for SAW chains, and A/N for SAW chains is
larger than that for compact chains. Fig. 6 gives free energy
per bond A/N for a 30-bond SAW chain and a swollen one
with r1¼ 3 during the whole process and the small inset de-
notes the changes of A/N within the small sphere as a function
of positions of the first monomer. In Ref. [21], the average
free energy in the small sphere is calculated using the self-
consistent field theory, and here the detailed change of the
free energy with the different positions in the small sphere is
discussed. For the SAW chain, a free energy barrier locates
at p z 0.9667, and the chain should stretch itself to enter
into state II. Once one monomer has escaped from the small
sphere, the process of escape is spontaneous. In fact, a free
energy barrier is an entropy barrier for SAW chains because
of A¼UeTS h�TS. The behavior for swollen chains is the
same as the SAW chains in essence. Errors of all data are given
here, and they are quite small.

The free energy barrier for compact chains is also discussed
here. We take 30-bond compact chains with r1¼ 3 for an ex-
ample and the details can be seen in Fig. 7. Fig. 7 (a) repre-
sents A/N as a function of z1 (the z-coordinate of the first
monomer) for the compact chains within the small sphere,
(b) represents A/N as a function of p¼N1/N during the escap-
ing process (state II), and (c) represents A/N as a function of
z1(z1> r1)within the large sphere (state III), in this case, the
compact chains have escaped completely. There exists a barrier
in each curve of free energy during the escape of compact
chains from a small sphere to a larger one, and the reason may
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be that in the process of escape the chain should be stretched.
The minimum of A/N for compact chains in the initial state I
(within the small sphere) is marked as H1, and occurs when the
first monomer of chains sits at the center of the small sphere,
(see Fig. 7(a)). Similarly, we mark the maximum of A/N in
state II as H2, and the minimum of A/N in state III (in the large
sphere) as H3. Apparently, the value of H3 is smaller than H1,
which is consistent with the fact presented in Ref. [30], and
there exists a chemical-potential gradient H1�H3 to push the
polymer out of the small sphere. However, during the process
from state I to state III, the chain must undergo the transition
state illustrated in Fig. 1 (state II). Here the hole is designed to
be small enough to allow only one monomer at a time, and this
constraint reduces the number of allowed chain conformations
and breaks contacts between monomers, therefore, this leads
A/N to increase to H2, and we define an average free energy
barrier per bond as H2�H1¼DH.

Additionally, the dependence of DH on the radius r1 of the
small sphere for different chain lengths N is also discussed and
the aim is to obtain more detailed information for the escaping
process. The height of the barrier DH indicates the difficulty
level of escape. In Fig. 8(a), DH increases with the increase
of r1 to a stable value separately for different chain lengths,
which means that when the space of the small sphere increases
to a certain degree enough for comfortable stay of the compact
chain, the escape of the chain becomes more difficult. Our re-
sult that DH for longer chains is lower shows that it is rela-
tively easier for each bond in longer chains to surmount the
free energy barrier to escape. Fig. 8(b) and (c), respectively,
shows the change of DH with r1 for SAW chains and swollen
chains. The values of DH are much smaller than that for com-
pact chains, which indicates that the escape of SAW chains or
swollen chains is much easier than that of compact chains.
Values of DH for swollen chains are yet smaller than that
for SAW chains. Besides, of SAW chains or swollen chains
increases more slowly than that of compact chains when r1

increases.
Fig. 9 shows the total free energy barrier for compact

chains, SAW chains and swollen chains. For the purpose of
making the restriction of the small sphere on the chains with
different chain length equivalents, the abscissa of the figures
is defined as r1/Ng, and g is equal to 1/3, 0.588 and 0.592
for compact chains, SAW chains and swollen chains, respec-
tively. The size of the chain, such as the radius of gyrationffiffiffiffiffiffiffiffiffi
hS2i

p
, scales as Ng [51,52]. In Fig. 9, the total free energy

barrier is higher for larger N, especially for the compact
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chains, which is contrary to the case in Fig. 8. If the chain
length is large enough, the total free energy barrier may be in-
dependent of the chain length for the SAW chains because the
difference between the curves for 70-bond and 50-bond chains
is much less than that for 50-bond and 30-bond chains. The
case of the swollen chains is similar to that of the SAW chains,
and the independent trend of the chain length for long chains is
even more obvious. Comparing with compact chains SAW
chains or swollen chains are more similar to DNA molecules.

4. Conclusion

In order to investigate the changes of chains in the size and
shape during the escaping process, we first calculate the values
of hS2i/N and hd*i for compact chains, SAW chains and swol-
len chains. Some thermodynamic properties are investigated as
well. The most important information we obtain from our sim-
ulation is that there exists a free energy barrier H2�H1¼DH
during the escaping process. Moreover, our result that DH
for longer chains is lower shows that it is relatively easier for
each bond in longer chains to surmount the free energy barrier
to escape. The values of free energy barrier for SAW chains or
swollen chains are much smaller than that for compact chains,
and the difference in free energy barrier for compact chains
with different chain lengths is much larger than that for SAW
chains or swollen chains. If the chain length is large enough,
the total free energy barrier of the SAW chains or the swollen
chains may be independent of the chain length.
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